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Abstract. Let S = {si}ie]N CKbea numerical semigroup. For Sj S S, let v{si) denote the number 
of pairs (si — Sj,Sj) £ S 2 . When S is the Weierstrass semigroup of a family {CijigiN of one-point algebraic- 
geometric codes, a good bound for the minimum distance of the code d is the Feng and Rao order bound 
donD(Ci) := min{u(sj) : j > i + 1}. It is well-known that there exists an integer m such that the sequence 
{/^(si)}iGiN is non-decreasing for s% > s m , therefore doRD(Ci) = v(si+i) for i > m. By way of some suitable 
parameters related to the semigroup S, we find upper bounds for s m , we evaluate s m exactly in many cases, 
further we give a lower bound for several classes of semigroups. 

Index Therms. Numerical semigroup, Weierstrass semigroup, AG code, order bound on the minimum 
distance, Cohen-Macaulay type. 

1 Introduction 

Let S = {si}j £ ]N C IN be a numerical semigroup and let e, c, c', d, d! denote respectively the multi- 
plicity, the conductor, the subconductor, the dominant of the semigroup and the greatest element in 5* 
preceding c' (if e > 1), as in Setting |2~T1 Further let I be the number of gaps of S between d and c, and 
let s := max{s E S such that s < d and s — I S}. 

When S is the Weierstrass semigroup of a family {Ci}i e N of one-point AG codes (see a good 

bound for the minimum distance of Ci is the Feng and Rao order bound 

doRD(Ci) := min{v{sj) : j > i + 1} 
where, for sj £ S, f(sj) denotes the number of pairs (sj—Sk,Sk) S 5* 2 (see [2]). It is well-known that 
there exists an integer m such that sequence {^(sj)}jg]N is non-decreasing for i > m + 1 (see[7]) and 
so doRD(Ci) = v(si+x) for i > m. For this reason it is important to find the element s m of S. In our 
papers [5] and [B], we proved that s m = s + d if s > d', further we evaluated s m for £ < 2, e < 6, 
Cohen-Macaulay type < 3. 

In this paper, by a more detailed study of the semigroup we find interesting relations among the 
integers defined above; further by using these relations we deduce the Feng and Rao order bound in 
several new situations. Moreover in every considered case we show that s m > c + d — e. 
In Section 2, we establish various formulas and inequalities among the integers e, I, c?', c', d, c and 
t := d —s, see in particular l|2.5|) and (|2.6[) . In Section 3, by using the results of Section 2 and some 
result from [6] , we improve the known facts on s m recalled above; further we state the conjecture that 
c + d — e ia always a lower bound for s m and we prove it in many cases. Finally (Section 4) we deduce 
some particular case by applying the previous results and by some direct trick. 

In conclusion by glueing togheter some facts of [I], [S], [BJ and the results of the present paper, we 
see that the value of the order bound s m depends essentially on the position of the integer 's in the 
semigroup. We summarize below the main results for the convenience of the reader. 

If 1} > d' + c' — d then s m = J + d 

if s = 2d'—d then s m — s + d = 2d' 

if s<d' + c'-d-l then s m < max{s + d, 2d'}. 

1 The first author is with Diptem, Universita di Genova, P.le Kennedy, 

Pad. D - 16129 Genova (Italy) (E-mail: oneto@diptem.unige.it). The second author is with Dima, Universita di Genova, 
Via Dodecaneso 35 - 16146 Genova (Italy) (E-mail: tamone@dima.unige.it). 
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If [dl -l,d']nlNCS 



If 



If 



s < d! - 2 

[ s + 2,d' ] nJN C 5 
2d' - d < s < d' + c' - d 

s < 2d' - d 
[ s + 2,d' ] niN c s 



then 



then 



then 



s + d! - i + 1 < s m < 2d' if 2d' - d<s <d! + d - d 
s m = s"+d otherwise. (|3.11|) 

s m = s + d s + 1 ^ S 1 and c' = d 

s m < ? + d — 1 otherwise. 



Further, if H denotes the subset of gaps of S inside the interval [c — e, c' — 1] and r is the Cohen- 
Macaulay type of S, the exact value or good estimations for s m are given in the following cases. 

If H = 0, then s m = s + d gj} 

T , rr ■ , ^ [2d' i/ s > 2d' + 1 - d 

It H is a non empty interval, tnen s„, — ~ , ,, . r-m 

^ w ' [ s + d otherwise (gTTj) 

If S 1 is associated to a Suzuki curve, then s m = s + d (|4. 14[) . 



If #id < 2, see (14411 . 

If t<Z, see 63J,62>. 

If t < 7, see f410l) . 

If e < 8, see (|4TT]) . 



If 5 is generated by an Almost Arithmetic Sequence and embdim(S) < 5, see (|412[) . 



2 Semigroups: invariants and relations. 

We begin by giving the setting of the paper. 

Setting 2.1 In all the article we shall use the following notation. Let IN denote the set of all non- 
negative integers. A numerical semigroup is a subset 5* of IN containing 0, closed under summation 
and with finite complement in IN; we shall always assume S ^ IN. We denote the elements of S by 
{si}, i e IN, with s Q — < si < ... < Si < s i+ i.... 
We set S(l) := {b e IN | 6+(S\{0})C5} 

We list below the invariants related to a semigroup S C IN we shall need in the sequel. 

e := si > 1, the multiplicity of S. 

c := min {r G S | r + IN C S}, the conductor of S 

d := the greatest element in S preceding c, the dominant of S 

c' := max{si € S \ Si < d and s, — 1 ^ 5}, the subconductor of 5 

d' := the greatest element in S preceding c', when c' > 

jfe := d-d 

q := d-d' 

£ := c — 1 — d, the number of gaps of S greater than d 

g := #(IN \ S), the genus of 5 (= the number of gaps of S) 

t := =ff(S(l) \ S), the Cohen— Macaul ay type of S 

Since c — e — 1^5* we have c — e < c'; we define the following sets 

H := [c-e,c'] D IN \ S C IN \ 5 
S" := {se5|s< d'} C S. 
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Further we shall describe any semigroup S with c' > as follows: 

£ gaps 

S = {0, * . . . *, e, . . . , d',* ...*, d < — > d,* ...*, c ->■} = 5' U { c' < — >• d, * . . . *, c ->}, 
where " * " indicates gaps, " * . . . * " interval of all gaps, and " < — > " intervals without gaps. 

Moreover for Si S 5 we fix the following notation. 





:= {(s 3 -, s fc ) £ S" 2 | Si = Sj + s fc }; 


i/(Si) := 




), 






V{si) '■= 




- ^(Si). 


doftD (i) 


:= mm{i/(sj) | J > i}, the order bound. 










:= {{x, y), (y, x) £ N(s t ) \x<c', c' < y < d}; 


a(si) := 




-i)-#A( Si ). 


B ( Si ) 


:= {(x,y)£N(s t )\(x, y )£[c',d} 2 }; 


Pfa) := 






C(8i) 


:= {(x,y)eS' 2 niV( Sl )}; 


7(«i) : = 




-i)-#C( Si ) 


D ( Si ) 


: = {{x,y), (y,x) £ N(si) | a: > c}; 


<5( Sl ) := 




u) -#£>(*) 



Now we recall some definition and former results for completeness. First, a semigroup S is called 
ordinary if S = {0} U {n £ IN, n > c} 

acute if either S is ordinary, or c,d,c',d' satisfy c — d<c' — d' l,Def. 5.6]. 
Definition 2.2 We define the invariants s, m and t as follows. 

s := max {s £ S such that s — £ £ S}. 
t := d — J. 

m := min {j £ IN such that the sequence {^(si)}ieiN is non- decreasing for i > j} 
(m > <S=^- f{s m ) > v(s m+ i) and v(s m+k ) < v(s m+k+1 ), for each k > 1). 

Theorem 2.3 Let S — {s;} f be as in Setting [K7[ 

(1) is(si) = i + 1 — g, for every Si > 2c — 1. [7J Th. 3.8] 

(2) v(s l+1 ) > v(si), for every s, > 2d + f. 5, Prop. 3.9.1] 

(3) If S is an ordinary semigroup, then m = 0. [TJ Th. 7.3] 

(4) If s> d', then s m = l+d [6, Th. 4.1, Th.4.2]. 
In particular: 

(a) i/ t < 2, then s m = J+d, 

(b) if S is an acute semigroup, then s m = J + d, with 

i. either d — c' > I — 1, s m = c + c' — 2 = s + d, 
M. or s r = d (s m = 2d). [51 Prop. 3.4] . 

(5) // c' £ {c — e, c — e + 1}, then S is acute. [HI Lemma 5.1] . 

Remark 2.4 (1) By the definition of s it is clear that: 

s — £ £ S for each s £ S such that s < s < d. 

(2) . Theorem 12.31 implies that < s m < 2d for every non-ordinary semigroup. 

(3) The condition (o) of (|2.3I 4) does not imply S acute: see (|2.5I 2). Analogously there exist non-acute 
semigroups satisfying the conditions (4.6, i — ii), as shown in Example 12.91 2. 

We complete this section with some general relation among the invariants defined above. 
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Proposition 2.5 [6l Prop. 2.5] Let d = c — e + q, with q > 0. Then 

(1) e < 2£ + t + q. 

(2) XTie following conditions 

(a)d-d>£-l {i.e. c + d-2<2d). 
(6) s-£ = d -1. 

(c) c + d - 2 = s + d. 

(d) e = 2£ + t + q 

are equivalent and imply 

(i) d <s < d ( => s m =s + d). 
(ii) S is acute •<=>• d — d' > 2i + t. 

Proof. (1) By p i) we have s-£<c'-l = c- e + q-l, then s - £ < d + £ - e + q and so 
e < 2£ + t + q. 

(2) The equivalences (2. a) (2.6) •<=>■ (2.c) are proved in [BJ Prop. 2.5]. Clearly the equality 
e = 2£ + t + q holds if and only if s — £ = d — t — 1 = d — 1. Further: 
(i) is obvious by (2.6). 

(u) If (2.6) holds, then d-d 1 - (2i + t) = s -£- d' -£ = (d - d!) - (£ + 1) = (d - d') - (c - d). Then 
5 is acute ^=> d - d! > 2£ + t. 

Proposition 2.6 The following facts hold. 

(1) (a) If 0<h<eandd-heS, then e>h + £+l. 

(6) If s, s' G S, s > c — e, s — £ < s' < s, </ien s' > c — e. 

(2) s>c — e (equivalently, e>t + £+l). 

(3) Lei i > and Ze£ s' := min{s £ S | s > s}. TTien 
e>2£ + l + d-s'>2^+l (equivalently, s' > c - e + £) . 
In particular, s + 1 G S ==> e > 2^ + £. 

(4) One o/ i/ie following conditions hold 

(a) s — ^>c — e — 1 (equivalently e>2£ + t, equivalently s — £ £ H) 

(6) s — £ = c — e — 1 (equivalently e = 2£ + t) 

(c) c — e — £ <s — £ < c — e — 1 (equavalently e < 2£ + t) 

(5) Assume e < 2£ + t, then : 

(a) either s < d' , or t = 0. 

(6) in case s < d' we have: [s + l,c-e+f-l]nS = |, #i? > 2£ + t - e > 0. 
Proof, (l.a) We have d<d-h + ee S. Hence d-/i + e>c=d + £ + l. 

(1.6) If s > c we get s' > c. If s < d, let s' = d — fc, s = d — h > c — e (hence ft. < e — £ — 1), then 
d-£-h<d-k => k < h + £ < e-1. Now apply (a). 

(2) Let d = c — e + h£ + r, with h > 0, < r < £ (recall that c — e < d). If s < c — e, first note 
that by (E2fll) we get d - hi G 5, d-(h + l)£ G 5; further we get c - e - ^ < d - (h + l)£ < c - e, a 
contradiction because [c — £ — e,c — e — 1] H 5 = for every semigroup. 

(3) By (H201), s < s' < d => s' - £ G S and so s' - £ + e G 5. Since c - e < s < s', we get 
s'-£ + e>c-^ = d + l;it follows that s' - £ + e > c. 

(4) Since c — e — 1 ^ S 1 , the statements are almost immediate by (2). 

(5) In case e < 2£ + 1, by (3) we have s + 1 ^ S, therefore we have s [d, d), hence (5. a) holds. 
(5.6) Since s>c-e (2), we get [s - 1 + 1, c- e - 1] n IN C [c- £ - e+ 1, c- e - 1] n IN C IN \ S. We 
deduce [s + l,c-e + £-l]RlNCiJ by (HHl). o 
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Corollary 2.7 Assume s < d {i.e. t > 0). Then 

(1) If s < d', then d-d <£-2, d-d' <£, d > c - e + 2. 

(2) Let d = c-e + q, with q E {0, 1}; then d - d > £ - 1 and e = 2£ + t + q. 

(3) // d-d <£- 2, then 

(a) d-d + 2 < d-d'<£<e-3-(d- c'). 
(6) // s > 2d' - d, then t < 21. 

(4) Ifs<d' and e<2£ + t, then #H < £ + 1 - 2(d - d) - 4. 

Proof. (1) By §n&2) we see that s < d! => d - d < £ - 2 and also d-d' <£. Further d > c - e + 2 
because c — e < s~ <\2M 2) and Is < d 1 < d — 2. 

(2) By the assumptions and by (5), (4) of Theorem 12.31 we have d — d > £ — 1. Then the other 
statement follows by (|2.51 2 V 

(3. a) Since d! < d — 2 the first inequality holds for any semigroup. We have d — d < I — 2, by 
assumption, and d — I £ S, by (12.41 1). Hence d' > d — £. For the last inequality see [SJ Prop. 5.2]]. 
(3.6) follows by (3. a) because the assumption means t < 2d — 2d' . 

(4) By (J2312) we have d-d < £-2, then by JMJl-2) and (3a), we deduce that {c'-£, ...d-£,s,d'} C 
Sn[c-e,d'}. Hence #H < d-(c-e)-2-(d-d+l) = 2d -2d-£-l-3+e < 2d -2d-£-l-3+2£+t = 
£ + t-2(d-d) -A. o 

Corollary 2.8 (1) // d <s < d, then e>2£ + t. 
(2) If s < d' , we have: 

(a) // e < 2£ + t, then d + 2£ - e G S <^=> e = 2£ + t. 

(b) If H C \d' - 1 + 1, d - \\, then e<2£ + t. 

(c) If H = [d' + l,c' - 1] nlN and e<2£ + t, then s = d! . 

Proof. (1) is immediate by (|2.61 3) because s + 1 G S. 

(2. a) Clearly e = 2£+t => d+2£ — e —seS. The converse follows by the assumption and hy t\2.G\ 5b): 
c-e + £-l = d + 2£-eeS=^e>2£ + t; then e = 2£ + t. 

(2.6) s<d' =^> d-le S =^ d -£ < d' by (J2J]1). Hence s-£ < d' -t : now the assumption on 
H implies s-£<£H, i.e., e < 2£ + t $2M ). 

(2.c) If e < 2i + t, we have s"+ 1 ^ S" (|2.61 3): since c — e < s"+ 1 we get H+ 1 g H, and so is = d'. o 

Example 2.9 (1) If t > 0, for each Si such that 3" < < d, we have that Si — £ 6 S 1 , hence 
s.; — s.i_i < but it is not true that for each Si 6 S such that c — e < Sj < d, we have s.; + i — < £: 
for instance let S = {0, 5£ e ,7£j =d _ t ^ d , , 8£ d , 9£ + l c -)•}. 

(2) When i = the inequality e > 2£ + 1 (proved in (|2.61 3) for t > 0) in general is not true, even for 
acute semigroups: 

51 = {0, 1(W, 17 c ,,18, 19, 20 rf , 27 c ^}: 

£ = 6, i = , Si is acute with d-d < 1-2, e < 2£. 

5 2 = {0, 8 e , 12 d ,, 14 c ,, 15, 16 d , 20 c ^}: 

£ = 3, t = , 5*2 is non-acute with d — d = £ — 1, e > 2£. 

5 3 = {0, 7 e , 12 d ,, 14 c , =d , 19 c ^} : 

£ = 4, t = 0, S3 is non-acute with d — d < £ — 2, e < 2£. 

5 4 = {0, 1(W, 14 d , 20 c ^} 

£ = 5, £ = 0, S4 is non-acute with d — d < £ — 2, e = 2^. 
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(3) When s < d! we can have every case (a), (6), (c) of (|2.6I 4): 
S 5 = {0, 13 e , 15 d >, 20d, 26 c ->•} : I = t = 5 e < 21 + t = 15; 
S e = {0, 15 e , 19 d , = ~, 24d, 30 c ->•} : t = t = 5 e = 2£ + t = 15; 
S 7 = {0, 26 e , 28, 31 d /, 33 d , 39 c ->} : £ = t = 5 e > 2£ + t = 15. 



3 General results on s m . 

We saw in [BJ, that s m = s r + d, when s > d'. To give estimations of s m in the remaining cases we 
shall use the same tools as in [Bj : we recall them for the convenience of the reader and we add some 
improvement, as the general inequalities (13.11 3') on the difference v(s + 1) — v{s). Therefore great part 
of the following ([3T ]l .([3T3 | .([3T3 jl is already proved in j6j 4.1, 4.2, 4.3]. 

Proposition 3.1 Let S' = {s G 5*, | s < d'}. For Si G S, let rj(si), a(sj), /3(sj), 7(s,), S(si) be as 
in (12TTT). Then: 



(1) If s < d! , we have: 

Si + i = Si + 1 /or Si >~s -\- d' — i, in particular for Sj > 2c?'. 



(2) For eac/i Sj G S : ^(sj) = a(s-i) + /3(si) + 7(sj) + 5(sj). Further 
a(si) ■ 



-2 i/ (s,-+i - c' £ S' and s< - d G 5') 
*/ (s i+1 -c'eS'^s^deS') 
(s,-+i - c' G S' and s, - d £ S'). 



5( Si ) 



2 if 

if 

1 if 
-1 if 



Si < 2c' - 2 or Si > 2d 
2c' - 1 < Si < d + d - 1 
c' + d < Si < 2d. 




-1 

-1 


2 
1 



if 
if 
if 
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Si > 2d' 
Si = 2d' 

Si < 2d' and [si 



d',d'] n IN C 5. 



i/ 
i/ 



Sj+i - cfS, Si < 2c- 1 
Si+i - ceS, Si < 2c — 1 
s,- > 2c . 



(3) Let s = 2d 

(a) -g; 

(i) // s 



k < 2d and s + 1 £ S, i/ien: 

- 1 <!/(« + 1) - < ' ^ 

2d' -h< 2d', then - 



1 < 7(s) < 



rft + 1 



Proof. (1) By assumption and by (|2.6I 2) we have c — e < s < d! and so d' — I G 5. It follows d' — £ > e 
because d'>e>£ + i + l pT6l2). Hence s > s + d' - I s > c. 

(2) By [BJ (3. 3). ..(3. 7)] we have only to prove the last two statements for 7. Let s = 2d' — ft G S, ft € 
IN, s + l = 2d'-ft + l and assume [d' - h, d'] = [34 - d', d'] n IN C S. Then: C(s») = 
{(d' - ft, d'), (d' -h + 1, d' - 1), (d' - ft + 2, d' - 2), (d' - l,d' - ft + 1), (d', d' - h)} 
C(si+i) = {(d' - ft + 1, d'), (d' - ft + 2, d' - 1), .., (d' - 1, d! - ft + 2), (d', d' - ft + 1)} 
it follows that 7 (si) = #C(s i+ i) - #C(sj) = ft - (ft + 1) = -1. 

(3. a) To prove the inequalities for s = 2d — k, divide the interval [d — [k/2], d] n IN in subsets 
Aj := Hj U Sj, j = 1, j(s), with ff j C]N \ S, Sj C 5, 5,- = [a,-, &,•] n IN interval 
such that bj + l£S and Hj ^ 0, if j > 1 (i.e. Oj_i ^ 5 for j > 1, H x = ai = d - [ft/2] G S 1 ). 
Hence 



Aj = [* * * CLj 



bj}- 
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Let N(s)j := N(s) n {{x,y), (y,x) \ y e Sj}: we have N(s) = \Jj N i s )j u D ( s )- Hence: 
i/(s + 1) - u(s) = (J2j rtj) + S{s), where nj = #N(s + l)j - #N(s)j. 
Further: —2 < nj < 2. This fact follows by the same argument used to prove the formulas for 
a(si), (3(si) recalled in statement (2) above. Since < S(s) < 2 (see (2) above) we conclude that 

(*) - 2j(s) < v{s + 1) - v(s) < 2j(s) + 2. 

More precisely, to evaluate the largest and lowest possible values of v{s + 1) — v(s), with s = 2d — fc, 

" (A) k = 4p 

(B) fc = 4p + 1 

(C) k = 4p + 2 
(£>) fc = 4p + 3. 

fci 



we consider separately four cases: 



In each case we can see that j(s) < p + 1 

~k 



1. First note that d € S, hence j(s) is maximal 

, d] = [... * x * x... * d] (where x means elements S). 

Xl <v(s + l)<x 2 jthcn 



when #Hj -.= #Sj = 1, i.e. [d - 



In each of the above cases we shall hnd integers xi,X2,Vii'/2 such that , 

( »< n s ) < 2/2 

the statement will follow by the obvious inequality x\ — y 2 < v(s + 1) — v(s) < x 2 — yi- 
- If cither k = Ap, or k = 4p+ 1, then j(s) is maximal if and only if 
"fc" 

[d— - , d] = [d — 2p * ... * d — 2 * d], with j(s) = p + 1. 

Note that when j(s) = p + 1, then 1 < #(N(s) \ D(s)) < 2p + 1 because (d - 2p, d - 2p) G AT(s); 
further we have p < j(s + 1) < p + 1 and so < #N(s + 1) < 2p + 4. 

If fc = 4p, we have 1 < #(N(s) \ D(s)) <2p + l, since (d -2p,d- 2p) G AT(s), further j(s + 1) = p, 
hence < #(iV(s + 1) \ D(s + 1)) < 2p. 



-2p-l< v(s + 1) - v(s) < 2p + 2 - 1 < 



If fc = 4p + 1, we have < #(N(s) \ D(s)) < 2p + 2, further s + 1 = 2d - 4p, therefore 
1 < #{N(s + 1) \ D(s + 1)) < 2p + 1. We obtain: 

"fc + 5" 



- If either k = 4p + 2, or k = 4p + 3, then 
analogously we get j(s) = p + 1 maximal if 



1 = -2p - 1 < u(s + 1) - v(s) < 2p + 3 
fc" 



= 2p+l, 





"fc" 






d- 




,d 






_2_ 





[ * d — 2p * ... * d — 2 * d] or 

[ d — 2p — 1... * x x *...d] ( with one and only one jo such that #Sj = 2). 

If fc = 4p+2, in the hrst subcase we get 0< (N(s)\D(s)) < 2p+2, and < #(N(s+l)\D(s+l)) < 2p 
because (d — 2p— 1, d — 2p) ^ N(s + 1). Hence 



fc + 5 



- 1 = -2p - 2 < i/(s + 1) - f(s) < 2p + 2 < 
In the second subcase we get 1 < #(N(s) \ D(s)) < 2p + 2, because (d - 2p - 1, d - 2p - 1) G iV(s) 
and < (AT(s + 1) \ D(s + 1)) < 2p since (d - 2p - 1, d - 2p) ^ 7V(s + 1). Hence 



- 1 = -2p - 2 < u(s + 1) - i/(s) < 2p + 1< 



fc + 5 



If fc = 4p + 3, in the hrst subcase we get < (N(s) \ D(s)) < 2p + 2, and 

< #(N(s + 1) \ D(s + 1)) < 2p + 2 because (d - 2p - 1, d - 2p) ^ iV(s + 1). Hence 



- 1 = -2p - 2 < v(s + 1) - i/(s) < 2p + 4 = 



fc + 5 
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In the second subcase we get < #(N(s) \ D(s)) < 2p + 2 and < #(iV(s + 1) \ D(s)) < 2p + 1 
because (d — 2p — 1, d — 2p — 1) g 7V(s + 1). Hence 



1 



-2p - 2 < i/(s + 1) - ^(s) < 2p + 3 < 



(3.6) The proof is quite similar to the above one: since j(s) = #C(s + 1) — #C(s), we do not need to 
add S(s) and so formula (*) becomes 

-2j'(s) < 7 (a) < 2j», 
where j'(s) is the number of subset Aj as in (3. a) contained in the interval [d! - 
Then it suffices to proceed as above, o 



, d'] n IN. 



Example 3.2 The bounds found in (|3.1l 3a) are both sharp. To see this fact, consider 

S = {0,10 e ,20 d -,30 d ,40 c ->} an the elements s = 2d - 1 = 59, s + 1 = 2d = 60. By a direct 

rfc + l- 



computation we easily get: v(s + 1) — v(s) = 3 
u(s + 2) - u(s + !) = -[-] - 1 (with k = 0). 



2 (with k = 1), and 



Proposition 3.3 Lei O mean (£ S" and x mean G S" {recall that for s < d' , we have s G S -<=>• s G 
5'). The following tables describe the difference Jj(s,) = i>(sj+i) — f(sj) for Si G S, Si < 2c in function 
of a, [3,-f,6. 

(a) If s t <2c: 



+i -c 


Si - d 


Si+i -d 


a 


5 






^5 


X 


O 


-2 





/3 + 7- 


- 2 


£S 


O 


o 








p + 1 




£S 


X 


X 








P + l 




£S 


O 


X 


2 





P + l^ 


- 2 


G 5 


X 


O 


-2 


2 


/3 + 7 




G S 


O 


o 





2 


/3 + 7^ 


- 2 


G 5 


X 


X 





2 


/9 + 7^ 


-2 


G 5 


O 


X 


2 


2 


/3 + 7^ 


-4 



More precisely we have the following subcases. 



Si < 2d' 


— 1, then 


P = 


0: 










Si+i -c 


Si - d 


Si+l - 


-d 


a 


P 


6 


«7(s») 


O 


X 


O 




-2 








7-2 


O 


X 


X 













7 


o 


O 


O 













7 


X 


X 


o 




-2 





2 


7 


o 


O 


X 




2 








7 + 2 


X 


o 


o 










2 


7 + 2 


X 


X 


X 










2 


7 + 2 


X 


o 


X 




2 





2 


7 + 4 


Si = 2d', 


then j3 


= 0, 


7 = 


-1: 
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Sj+i -c 


Si - d 


Si+i -d 


a 


13 


6 




O 


X 


O 


-2 








-3 


o 


X 


X 











-1 


o 


O 


O 











-1 


X 


X 


o 


-2 





2 


-1 


o 


O 


X 


2 








1 


X 


O 


o 








2 


1 


X 


X 


X 








2 


1 


X 


O 


X 


2 





2 


3 



(d) If Si e [2d' + l,d + d- 1], then /3e{0,l}, 7 = 0: 
v{siJ r i) < ^(si) if and onZj/ z/ i/ie following row is satisfied 

s i+ i -c Si - d s i+1 —d 

Ox O 

(e) // s t £ [d + d, 2d], then /3 = -1, 7 = 0, Si~deS\S', s t+1 - d (£ S' , then 
v{s i+ i) < v{si) <=+ Si - i - d £ S. 

The next theorem collects with some upgrades the results [SI Th. 4.1, Th.4.2, Th. 4.4]: statement (1) 
improves [BJ Th.4.2], the last part of (5) is new. 

Theorem 3.4 With Settina \2.1[ the following inequalities hold. 

(0) If s">2d' — d, then s m <s + d; if s < 2d' - d, then s m < 2d'. 
More precisely 

(1) If s > d' + d — d, then s m = s + d. 

(2) If s = d' + d-d-l, then s m <s + d-l. 

(3) If 2d' -d<s<d' + d -d-1, let 

U :={ae [2d' + 1 - d, s] n S \ a - £ <£ S, a + d+1- d £ S}: 

(a) if U ^ 0, then s m = d + max U , 

in particular s rn —J+d J+d+l — c'^S, 
(6) if U = 0, then s m < 2d'. 

(4) // s = 2d'-d, then s m ='s + d. 

(5) If s~ < 2d' — d, then s m < 2d' , more precisely: 

s rn = 2d' ^=^> 2d' satisfies either row 3 or row 4 of Table HOI (c). 
In the case s + d+1 — d ^ S : 

(a) if 2d' - d - 2 < s < 2d' - d - 1, then s + d < s m < 2d' 

(b) if s = 2d' - d- j, j = 3,4 and {d' - j, ...,d' - 1} n S ^ {d' - j + 1} then s m >s + d. 
Proof. (0) is proved in [6, (4.4.1), (4.4.3)]. 

Now recall that J > c—e (|2.6I 2). hence s+d+1 > c+l € S; further in cases (1) and (2) s+d+1 — d > d! , 

hence (1) and (2) follow by (0) and by Table E3] (d) . 

The cases (3) and (4) follow easily by Tables [3~3l (d) and (c). 

(5) We have s m < 2d' by (0); further 2d' cannot satisfy the first two rows of 13.31 (c) since s < 2d' — d. 
By a direct computation we can see that we always have 7(2d' — j) < 1, for j < 2, while for 
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j = 3,4 -y(2d' - j) < 1 {d! - j, ...,d' - 1} n S ^ {d' - j + 1}. Now (a) and (b) follow be- 
cause 1/(3*+ d) > v(s + d + 1) by Tables [3731 (b) and (c). o 

The following conjecture gives a lower bound for s m , it is justified by calculations in very many 
examples. We are able to prove that it holds in many cases. 

Conjecture 3.5 For every semigroup the inequality s m > c + d — e holds. 

First we note that (|3.5p holds in the following general cases: 

either s m > J + d 



Proposition 3.6 Assume 



^ i J j ~ ^ ai then s «i >c+d-e. 
or s m > 2d and s < d 



In particular if either s + d > c' + d' or s + d = 2d' , then s m > c + d — e. 

Proof. The first part follows by (|2.6I 2) and (12.61 3). In fact we have 

(1) ~s > c — e; 

(2) in case s < d! , s m > 2d', we have d' > c - e + £ (j2~61 16) and d-d' < £ ([2~71 D. Hence 
s m > 2d' >d' + c — e + £>c + d — e. Now the particular cases follow by (|3.4I 1...4). o 

Corollary 3.7 (1) If s rn > 2d' , then s m -deS. 

(2) // s = d! - 1, then s m = s + d c' ^ d. 

Proof. (1) follows by dHHl) and by Table EH (d). 
(2) If c' = d, then s m ^ s + d, by (0312). 

If c' ^ d and s = d' — 1, we have s > d' + c' — d then apply (|3.4I 1). o 
Proposition 3.8 Assume H < d! — 2 and [s + 2, d'} n IN C S. Then s m <s + d: 

(1) if 2d' - d < s < d! + d - d, then s r , 

(2) if s < 2d' — d, then s m = J + d. 



s + d <^=> s + 1 4. S and c' = d 



< s + d — 1, otherwise. 



Proof. In case (1), by applying Theorem l3.4l we see that s m < 'S+ d ; further s m = s + d s + d + 
1 — c' ^ S. Since s + 1 <s + <i+l — c' < d' by the assumptions, we see that s m = s + d <^=> c! = d 
and s + 1^5. 

In case (2), by Theorem 13.41 we have s m < 2d'. 
Now let s + d+ l<s< 2d' . Then by the assumptions we get 

s + 2<s + l-c'<s-d'-l<d' 
s+leS and s + 1 - c' e 5' 
{s - d',...,d'} C ,5 (hence 7 (s) = -1 (l3~T3l2)) 
s-l-rfeS (by 1(2311)). 
From Tables [3~31 (6) — (c) we conclude that s m < s and also that s m = s + d\ in fact 
s e 5, s + d + 1 - c' e S", s - £ £ S, further s + d-d' > s + 2, because d - d' > 2, therefore 
7(s + d) = —1 by the assumptions and (|3.3I 2). o 

Remark 3.9 (1) Both situations of (|3.8I 1) above can happen, even for I = 3 (see the following (|4.7D ): 

(A) If £ = 3, t = 5, d' = d — 3, c' = d - 1, (|4~7lcase A) we have s m < s + d. 

(B) If £ = 3, t = 5, d' = d - 3, d - 4 £ S, c' = d, grease B) we have s m = s + d. 

(2) Assume 2d' - d < s < d' + c' - d - 1 and [d' - £ + 2, d'] n IN C 5; then the set ?7 of (J]Il3) is 
empty. In fact for each s € S, such that 2d' + 1 < s < s + d, we have s + 1 E S, and by <\2.7\ 3(a)). 
d! - £ + 2 < 2d' + 2 - d < s + 1 - c' < d', therefore s + 1 - c' G 5". 

(a) s + d+1 - c' E S 

(3) If s ro < 2d' < s + d, then { (b) J + d + 1 — c' — £ E S 

(c) {2d' - d - I, 2d' + 1 - c'} n S ^ 0. 
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(3. a) holds by (13.41 3') : in fact the assumptions imply [7 = because s — £ £ S. 
(3.b) is clear by (3. a) and by (|2.4I 1) , since s < s + d + 1 — d < d. 
(3.c) follows by Table EH (c)). 

(4) The assumption s m > 2d' in p. 71 1) is necessary: for instance if 

S = {0, 20 e , 21, 26, 27 d <, 32 d , 39 c ->•} we have s m = 2d', with 2d' - d <£ S 
(we deduce s m = 2d' by Table 1331 (c)). 

Proposition 3.10 If s < d' and [d! - £, d'} n IN C S, let h = d-c', q = d - d! be as in (|2~T|) and 

let a := max{s G S,s <!} — £}. Then 

(1) [s-£ + l,d'} nIN C S and e>2£ + t. 

(2) If 2d' -d<s<d' + d -d - 1, we have 

(a) q + h+l<t<2q(< 2£), 

(6) For s G [s + d' - I + 1, 2d'] n 5, we have 7(a) = -1. 

(c) J/ 2d' -£-de S, then a > 2d' - £ - d and -/(a + d) = -1. 

(d) VKe /mue s m < 2d'. 

(e) Let ^:=[s-2£ + l,2d'-£-d]n]N\5. 

// W let ho := max t/ien s m > fto + £ + d. 
(/) s m <s + d-£ + l [s-2£+l,2d'-d-£]nlNC 

s m < s + d - £ + 1 => e > 3£ + i. 
(g) J/ [s-2€+l,2d'-d-£]nISrc £, tften s m >s + d'-£+l. 

Proof. (1) By the assumptions and by (|2.4I 1) we have \s — £ + 1, d'\ DIN C 5; the inequality e > 2£ + £ 
follows by (12313 s ) 

(2) Statement (a) is immediate by the assumption 2d' — d <s < d' + d — d— 1. 
(6) follows by (1) and by (13312). 

(c) By assumption 2d' ~£-de S, further 2d' - d < s; then 2d' -£-d <s~£, hence a >2d' - £- d. 
Moreover s- £ + 1 < d' - £ = 2d' - £ - d' < a + d - d' < (d - I) + s - d' < 2d' - d' = d'; 
then apply (b) . 

(d) By (1013) we know that s m <s + d. For each 2d' < s < s + d we have d! - 1 < 2d' + 1 - d < 
s+l- d < s + d+l-c' < d' + c'- 1 + 1 -d = d' . Therefore s + 1 - d G S and s rn < 2d' by (j3~l 3b). 

(e) and (/). Note that s G [s + d-£+l, 2d'] nS=>s-£+l<s-d<s+l-d<s-d'<d', 
hence {s — d, s + 1 — c'} C S" and j(s) — — 1, by (6) and the assumptions. By Table l3~3l (6) we get 

v(s) > v(s + 1) s + 1 - c ^ 5. 
Then (e) follows and the equivalence (/) becomes immediate by (d), (e), recalling that s + 1 — c = 
s - £ - d. We get e > 3£ + i by p~6ll-2). since d - (2£ + t - 1) £ 5" and 2£ + t - 1 < e by (a). 
(<jr) For s G [s + d' - £ + 1, 2d' - £] H IN, we have 7(5) = -1 (see (6)). If there exists s G 
[s + d 1 - £ + l,2d' - £] ("I IN, s + 1 - c' <^ S, we have s - d G S" and we have s m > s by Table 
13.31 (6) (in fact s — d G S' by the assumptions); the claim follows. 
Assume on the contrary that [s + d' - £ + 2 - d, 2d' - £ + 1 - d] n IN C S: then 

[a - 2^ + 1, 2d' - £ + 1 - c'] n IN C S. 
In fact g + ^+1 < t (l3~T0l l) s + d'-£+2-c' = d-q-£-t + 2 + h < d-2q-£+\ = 2d'-£+l-d. 
We can iterate the algorithm looking for one element s G [2d' — £ + 1, 2d' — £ + d+ l — c']nlN such 
that s + 1 — d £ S. If needed we repeat the argument till we find s' such that s' + l — d £ S: s' surely 
exists since 7— £ ^ S. o 

The previous results can be summarized in the following theorem. 
Theorem 3.11 Assume \d' — £, d'] n IN C S. Then s m > c + d — e. In particular: 
(1) if 2d' - d<s <d' + d - d, we have c + d-e<s + d'-£+l<s m < 2d', 
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(2) s m — s + d in the remaining cases. 

Proof. (1) Since s < d', we have [s - £ + 1, d'] n N C S, e > 2£ + t by (|3"7TUl l). It follows that 
s-£+l>c-e because [c-£-e, c-e-l]nS = and s > c - e by ((2761 2'). 
The inequalities follow by items (d), (e), (/), (g) of (|3.10|) : 

if the set W of (|3"7TOl 2e) is not empty then we see that s m > s + d - £+ 1 > s + d' - £ + 3 by (|3"7TDl 2e). 
recalling that d' < d — 2. 

lfW = $, by ([3"7TOl2al we get s m > s + d' - £ + 1. 

(2) follows by (3311) and by ([57512). In this case s m > c+ d- e by (|3"75|) . 

To prove s m > c + d — e in case (1), first assume that W = 0: since d' > d — £ (|2.8U ) and e > 3^ + t 
([37101 6) . we get s m >s-£ + d' + l>s-£ + d- ^+l = c + d-3^-t>c + d-e. 

If VF^ 0, since e > 2£ + t we get 

s m >s + d- ^+ l = c + d-2£-i>c + d-e, 
further d > d! + 1 => s + d - £ + 1 > s + d! - I + 1. o 



In Case (<?) of (|3.10p we can give more precise evaluations of s m . 

Corollary 3.12 Let [s- 21 + 1, 2d' - d - £] U [d 1 - £, d'] H 1ST C S, Zei 2d' - d <s < d' + c' - d and 
let a be as in H3.10\) . 



(1) Assume 



ezi/ier d -l-t-le S 

d -l-t-l4_S , then s m > s + c' - £ - 1 
c' - 2£ - t - 1 4 S 



or 



(2) Assume j c ' — 2£ — t — 1 G 5 ' 

(a) // cr < c' — £ — t — 2, then s m > a + d . 

(b) Ifi ^ ^£ ^ 5 * j </ieri s ™ = f + d. 

a > c' — £ — t, a — £ G S and 

(c) If { either 2d' - 2£ - d 4_ S , then s m > 2d' - £. 
or 2d' -l+l-d 4_S 

Proof. (1) Let s = s + c' - £ - 1. Then s + d' - £ + 1 < s < d! + s- 1 < 2d' and so 7(3) = -1 
()3. 101 26). Further s + 1 — c' 4. S and, by the assumptions, either s — d G S" or {s — d 4. S' and 
s + 1 - c £ S')- The claim follows by Table E7J (6). 

(2. a) From Table E7J] (6) we get v(a + d) > v(a + d + 1). In fact we have a<a + d+l-c'< 
1+ c' — £ — 2 + 1 — c' = ~s — £ — 1. Hence cr + d + 1 — c' 4_ S. Further 7(0- + d) = — 1 by the assumption 
2d' - d - £ G 5 and by (|3"7TDl 2c). 

(2.6) In this case for each s such that a + d < s < I + d — £ we have s + 1 — c' G S 1 : in fact 
s - £ + 1 < o- + d + 1 - c' < s + 1 - c' < 2d' - c' < d! (|37T0l 2a). Moreover we get 7(3) = -1 by 
(|3~T0l 2b). If s > cr + d, then s- d^S hence by Table [3731 (6) : i/(s) < ^(s + 1) therefore s m < a + d 
and v(o + d) > v{a + d + 1) o - £4_S. 

(2.c). Since d' > a we have 7(2d' - £) = -1; in fact 2d' - £ > s + df - £ + 1 fl37T0j 2&). Then the claim 
follows by using the assumption 2d' — £ — d G S and Table 13.31 (6) . o 



4 Some particular case. 

In this section we shall estimate or give exactly the value of s m in some particular case. Since s m = s+d 
for each semigroup S satisfying J > c' + d' — d, in this section we shall often assume J < c' + d' — d. 
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4.1 Relations between the order bound and the holes set H. 

Let H := [c — e, d] fl IN \ S be as in (|2.1[) : when H is an interval we deduce the value of s m , if #7? < 2 
and in some other situation we give a lower bound for s rn . 

Proposition 4.1 (1) If H = 0, i/iera c' = c — e and S is acute with s m = s + d. 
(2) Assume that s < d'. TTien i/ie conditions 

(a) [d 1 - £, d'\ n IN C S and e = 2£ + t. 

(b) H= [d' + 1, d - 1] n IN. 



are equivalent and imply: s r , 



2d' if 2d'-d+l<s<d' + c'-d-l 
s + d in the remaining cases. 



Proof. (1) H = <^=> c' = c - e; then apply (J2JB] 5 and 4). 

(2 ), (a) (6). (a) implies that [s- £ + 1, d'] n IN C S, and s = c- e- 1 (|33Dl l) and JZBJ4). 
Hence ((6)) holds. On the contrary, (6) implies [c - e, d'] D IN C 5. Since c - e < d' - £ by (pT6l3). we 
get [d' - ^, d'] n IN C S, further e < 21 + 1 by Q2.8126), By assumption we also have s + 1 € S, hence 
e > 2£ + 1 by f2l)l3): then (a) follows. 

When 2d' - d < s < d' + c! - d, by (g^Jl) c - e < d' - and so <|2"7711) we have c - e - £ < 
d' - £ - (d - d') = 2d' - I - d < s - £ < c - e - 1. We obtain s m > 2d' by (|3"TIUl 2e) because the set 
T4 7 as in (|3"TTUl 2e) has 2d' - £ - d = max W. Now s m = 2d' follows by (|3"TT0l 2d). For the statement 
in the remaining cases see (|3.1H 2). 

Example 4.2 When s > d' the implication (b) => (a) in (|4.1I 2) is not true in general: in fact 
S := {0, 8 e , 12 c _ e=d ,, 14 c /, 15, 16 d * * * 20 c ^} has i? = {c' - 1} = {13}, t = 0, £ = 3, e^2£ + t. 

Proposition 4.3 Assume J < c' + d' — d. Let k := min{n £ IN | d' — n ^ 5}, h := d — d, 

s := dl + c' — k — 1. M^e ftaue 

(1) s < 2d' c' - d' < k + 1 <^ d-d'<fc + /i + l. 

(2) If s < d' — k and £ < k + h + 1, then s m > s > c + d — e. 

(3) If 1 < k < I, d - d' < k + 1 and {d' - £, d'} \ {d! - k) CS, tfien c + d- e<s<s m < 2d'. 
Proof. (1) is obvious by the assumptions. 

(2) We have [d' — k — £ + 1, d' — £] DTN C S $TMi). Further by (pTTl 2) we have 7 (s) = -1; in fact 
the assumption ^ < fc + h + 1 implies d — d' = d — d' — h<£— h<k + l, and so s < 2d'; since 
[s - d', d'] n IN C S, then 7(a) = -1 l|02). Since s < d', then d-d <£-2 , further £ < k + h + 1; 
therefore 

d'-k-£ + l<s-d = d' + d-k-l-d<d'-£. 

Hence s — d E S. Moreover s + 1 - d = d! - fc £ S. Then s m > s by Table I3~3l (6V 
To prove that s > c + d — e, recall that d — d' < k + 1. Then by assumption we have s < d' — k < 
d — k — 1 < d'. Then d - k - 1 £ S and by (|2~H3) we get c' - fc - 1 > c - e + & Hence 
s = d' + c'-fc-l>d-^ + c'-A:-l>c + d- e (|2~7l 3a) 

(3) By assumption s < d' - h < d', and so [d' - /i - d' - n IN \ {d' - k - £} C S 1 . Hence 
[d' - h - £, d' - k - 1] n IN \ {d' - k - £} C S. Now recalling that fc < £ we get: 

d'-h-£<s-d<d'-k-h<d'-k. 

Hence s ~ d E S: in fact s — d^d' — k~l because s — d > d' — fc — £ + 1. Further s + 1 — d ^ 5 
and 7 (s) = -1 by ((3Tl2) since s < 2d' and {s - d', ...,d'} C S. Then s < s m by Table [33] (6). 
The inequality s > c + d — e can be proved as in (2). For each element 2d' < u < d + d! we have 
d'>u + l-d>s + l-d = d'-k; hence u + 1 - d e S' then v(u + 1) > ^(w) by TableEH (d). 
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Corollary 4.4 Suppose s < c' + d! — d and < 2. Then s m > c + d — e. 
Proof. If #H = 0, we have s m = s + d and we are done by (|4.1U ) and (|3.6[) . 

If (## = 2 and ff = {d' + l.c 7 - 1}), or #iJ = 1, then either s m = s + d, or s m = 2d' (03J2); 
now see (|3.6I) . 

Finally assume that = {d' — fc} U {d' + 1}, with fc > 1. In this case we have d — dl = 2 < fc + 1, 
since fc > 1. Hence the claim s m > c + d — e follows by (|3.1ip . if k > £, and by ([4.31 3) if k < I. o 



4.2 Case £ = 2. 

If £ — 2 , the conjecture (|3.5p is true, more precisely by [HI Thm 5.5] we have: 
Proposition 4.5 Assume £ = 2, then s m > c + d — e and 



(1) s m = s + d if 



t < 2, 
t = 4 

t > 5 and d — 3 G S. 



either t = 3 and d — 6 ^ S 
or t > 5 and d — 3 ^ S. 



(2) s m = 2d - 4 i/ 

(3) s m = 2d — 6 if t = 3 and d — 6 G 5* (a^/ i/ie remaining cases). 



Proof. The value of s m is known by [SI Thm. 5.5 ]. Another proof can be easily deduced by 
(Ell), (GLI2), (SH3), (j3H2), Table [331(d), (OSOl e, g). The inequalities s m > c + d - e now 
follow respectively by ([3.6j) and by ([3.111 3). o 



4.3 Case t = 3. 

If I = 3, we compute explicitly the possible values of s m and we show that the conjecture ([3.5[) holds. 
Notation 4.6 (1) If s» = 2d - A; G S, k G IN, let 

M(si) := {(s,,, Sj) G S 2 | Sj = s h + Sj,s h < d, Sj < d}. 

Note that M(sj) = {(d — x,d — y) G S" 2 , | < a;, y < fc, a; + ?/ = fc} and that for Sj > c, we have 
Si+i — c = d — £ — k; for short it will be convenient to use the following notation. 




S := {z G IN, | z < d, d- z G 5} 

(c, h) E S x S, h = d + c — s.j instead of the pair (c, Sj — c) G iV(sj). 



If 3, then e > t + £+l = t + 4 (|2.6I 2). To calculate the value of s m , we shall assume s < c' + d' — d, 
otherwise s m = s + d by (|3.4I 1). Then we have t > 3, d — 3 G 5 and d — 3 < d', by (|2.5I 2) and by 
([2. 71 3a). Three cases are possible: 

Case A : S = {0, e, d - 3, *, d- 1, d, * * *, c = d + 4 ->•} d' = d-3 
Case B : S = {0, e, d - 3, * * , d, ***,c = d + 4->} d' = d-3 
CaseC: 5 = {0, e, d - 3, d - 2, *, d, * * *, c = d + 4 ^} d' = d-2. 

To describe M{2d — fc) we shall use the notations (*) fixed in (j4.6|) and forwhen necessary for an 
element 2d — fc we shall list all the pairs (x, y) G M'(2d — fc) and the pair (c, £ + k + l)ESxT, (the 
pairs underlined ( , ) not necessarily belong to E 2 ). 

Proposition 4.7 Assume £ = 3. TTien s m > c + d — e. More precisely the values of s m can be 
computed as follows. 
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Case A. We have: 



s -+ 


d 


if 


either t e [0, 7] \ {5} or (i > 8, d - 5 G S) 


2d 


- 7 


if 


t > 8, d-5 ^ S 






if 


t = 5: 


2d 


- 6 


if 


d-9(£S 


2d 


- 7 


if 


d - 9 G S, d - 10 £ S 


2d 


- 9 


if 


{d-9,d- 10} c 5, d-l2(£S 


2d 


- 10 


if 


{d-9,d- 10, d- 12} C S 



Proof. S = {0, e, . 



., d — 3, *, d 
First we have s m = s + d if i < 2d - 
can assume t > 5, so that d — 4 = d 

If i = 5 we have 
2d - 10 < s m < 2d', 
2d - 6 
2d - 7 
2d - 9 



1, d, * * *, c = d+ 4 ->•}, with e>£+i+l=i+4 (|27Bll). 

c' — d' = 4 and s m < s + d, if i = 5 by (|3.4I 1 and 2). Hence we 
d-3-^ = d- 6G,S, i.e., {0, 1, 3, 4, 6} C E. 
d' - d'] n IN C S and 2d' = 2d - 6 < s + d = d' + d - 1. We obtain that 
e > 21 + t and s m > c + d — e by p. lip . More precisely we can verify that: 



if 9^ E 

i/ 9 e E and 10 ^ E 
i/ 9 G E, 10 G E,12 ^ E 



s m = 2d' > c + d — e 

s m = c + d— 11 > c + d — e 

s m = c + d— 13 >c + d — e 



m /acf 10 G E ==> e > 14 
2d -10 i/{9, 10, 12} C E s m >c + d-e. 

Note that in this case we have d + d' — I — 1 + 1 = 2d — 21 — 1 + 1 = 2d— 10 and this bound is achieved 
if {9, 10, 12} C E (with e > 16). See, e.g. S = {0, 16, 34, 36, 37, 39, 40~, 41, 42, 4Z d >, 45, 46 d , 50 c ->}. 
If t > 6 we have s < 2d' — d and we consider the following subcases. 
If t = 6, then s = 2d' - d = s,„ by (|3~2l4). 

If t > 7 and 5 £ E, one has [d' - £, d'} n IN C S and s < 2d' - d, hence s m = s + d, by (|3~TT|) . 

If f > 7 and 5 ^ E, we know that s m < 2d' by p. 41 5): one can compute directly that 
v(2d') < v(2d! + 1) (see Table (c)) and that ^(2d - 7) > ^(2d - 6), 
hence s m = 2d - 7 = 2d' - 1. Since d - 6 = d' - £ e S, we get e > 2£ + 1 + 6 = 13 pT6l3). and so 
s m >c + d — e + 2. 



Case B. We have: 



Case t < 3 : 

Case i > 4, d - 5 £ 5 : 

Case t > 4, d-5e5,d-4eS 

*/ * G {4,5}, 

»/ t>6, 
Case t > 5, d 



5 G 5, d-i^S 



if te {5,6,8}, 
if 
if 
if 
if 



t = 7, 
t>9, d- 
t = 9, d- 
t > 10, d 



Proof. S = {0, e, d — 3, * * , d, * * *, c = 
As in case A we can see that s m = s + d 



■765, 
-765, 

d + 4->}, e>t + 4 
if t < 3 and s m < s 



= s + d 
= 2d - 6 

G [2d - 9, 2d 
= s + d 



6] 



= s + 
G {2d 
= 2d - 8 
G {2d - 10, 2d 
= a + d. 



2d - 11} 



11, 2d - 13} 



d for t = 4. Suppose t > 4. Then 



{0, 3, 6} C E. We deduce the statement by means of the following table: 

(c,8) 



2d -3 (0,3) 

2d -4 (0,4) 

2d -5 (0,5) 

2d -6 (0,6)(3,3) 



M) 

(c,10). 



If 4 G E, 5 e E, we have [d' - 1, d'] n IN C S and by applying (|3~TT|) we get s m 
precisely, one can easily verify that for t G {4, 5} we have 2d — 9 < s m < 2d — 6, 
s < 2d' - d, then by [pOlll and by (|3T8l2) we get s m = s + d . 

If 5 ^ E, we have s m = 2d — 6. 



> c + d — e. More 
for t > 6 we have 
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If 4 £ E, 5 G E: 

" 2d - 5 

we nave s m = 



==> i = 5 
2d -6 t = 6 (8 G £, 9 £ £); 

the remaining cases to consider satisfy {0, 3, 5, 6, 8, 9} C E, 4 ^ E, with t>7, s m < 2d — 6: 



2d - 7 (0,7) 

2d -8 (0,8)(3,5) 



M) 

(c, 12) s m = 2d - 8 



7 ^ E or 

7 G E, 11 £ £ ( 7 < t < 8) 



otherwise 7, 11 £ S : {0, 3, 5, 6, 7, 8, 9, 11} C E, 4 £ £ 



2d -9 (0,9)(3,6) 

2d -10 (0, 10) (3,7)(5,5) 

otherwise 



(c,13) 

(c, 14) s m = 2d - 10 10 e E, 13 £ E( => 9 < t < 10) 



either (a) 10, 13 G E 
or (P) 10 £ E (i = 7) 



Case (a): {0, 3, 5, 6, 7, 8, 9, 10, 11, 13} C E, 4 £ E ( t > 9): 



2d -10 (0,10)(3,7)(5,5) 
2d -11 (0,11)(3,8)(5,6) 

otherwise 14 G £ : 
2d -12 (0, 12) (3,9)(5,7)(6,6) 

otherwise 

2d -13 (0,13)(3, 10)(5,8)(6,7) 
otherwise 16 G E 



M) 

(c,15) s m = 2d - 11 ^==> 14 £ E 
( t = 9 i/ 12 £ E, i = 11 i/ 12 G E) 
{0,3,5 < — > 11,13} C E,4 £ E 
(c, 16) s m = 2d - 12 t = 12 
^i/ier (al) 12 ^ E( f = 9) 
or (a2) 12 G E, 15 G E 

in case (al) 



(c, 17) s r 



2d - 13 



in case (a2) 
{0,3,5 < — > 16} CS4^E: 
2d -14 (0,14)(3, 11)(5,9)(6,8)(7,7) (c, 18) s TO = 2d - 14 <=^ t = 14 

15,16,17} C E, 4 £ E... 



t = 13 



otherwise 17 G E, {0,3, 5 < 

Clearly in cases (a2), for each f > 13 we get s m = s + d. 
Case (/3): {0, 3, 5, 6, 7, 8, 9, 11, } C E, 4, 10 £ E (i = 7): 
[2d- 11 (0,11)(3,8)(5,6) (c, 15) s m = 2d-ll. 



Case C. We have: s r , 



if t = 3: 

2d - 4 »/ d - 4 G S, d - 7 £ S 

2d -5 if ({d - 4, d - 7} C S, d - 8 £ S) or (d - 4 g S) 

2d -7 i/ {d-4,d-7,d-8} C 5 

«/ i > 4 : 
s + d i/ d-4eS 
2d - 5 i/ d - 4 £ S 1 . 

Proof. 5" = {0, e, d - 3, d - 2, *, d, * * *, c = d + 4 ->•}, d' = d - 2. 

As above we see that t > 3, d — 3,d — 5 £ 5 (i.e. {0, 2, 3, 5} C E), e > 7. Consider the table: 



" 2d- 


2 (0,2) 










2d- 


3 (0,3) 


(c,7) 








2d- 


4 (0,4)(2,2) 


(c,8) 


s m = 2d - 4 


i/ 4 G E, 7 g E 


2d- 


5 (0,5)(2,3) 


(c,9) 


Sjyi — 2c? 5 


i/ 


4 ^ E or 

4,7 G E,8 £ E 


if 


{4,7,8}GE 




i/ien e > 12 


(d- 


- 8 + e > c) 


2d- 


6 (0,6)(2,4)(3,3) 


(c, 10) 








_ 2d- 


7 (0,7)(2,5)(3,4) 


(c,ll) 








Ift 


= 3, then 6 £ E: we 


get s m 


= 2d - 7. 
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If t > 4 and 4 E S, we have [d' - £, d'] n IN C 5 and s < 2d' - d. Then s m =s + d>c+d-e by 
If 4 ^ 5, by the above table we deduce that s m = 2d — 5. o 

4.4 Semigroups with CM type r < 7. 

As a consequence of the above results we obtain lower bounds or the exact value of s m for semigroups 
with small Cohen-Maculay type. First, in the next lemma we collect well-known or easy relations 
among the CM type r of S and the other invariants. 



Lemma 4.8 Let t be the CM-type of the semigroup S as in (|2.ip . 

(1) #H + £<t <e-l 

(2) Assume r = £, then H — and the following conditions are equivalent: 

(a) i = e - 1 

(6) t = £, d = d. 

(c) d = c — e. 

(d) S= {0,e,2e,...,fce->}. 

(3) Ifc'>c-e, then t>£+1 and r = £ + 1 ==> # = {c' - 1}. 



(4) Assume s < d! and r = £ + 1. T/ien 



e6{2f + t-l,2f + f}, i/ s = d' 
e = 2^ + t, £/ s < d! . 



Proof. (1) Clearly every gap ft, > c-e belongs to S(l)\S, in particular {d+1, ...,d+£}l)H C 5(1) \5. 
The inequality r < e — 1. is well-known. 
(2) (3) are almost immediate. 

(4). We have #H < 1 by (1), s - £ < s < d' < d - 1. If #H = 0, then c' = c - e flU) and so 
e = 2£ + f (J2J12). If #H = 1 s - £ <£ H and d! = d - 2: it follows e < 2£ + t by {2J3J4). Now 
apply (|2lfl3) and pT5l2c): if s < d' , then s + leS, hence e > 2£ + t and so e = 2£ + t. Further 
s = d'^d>c-e + £^e>c-d + £ = d + 2£-d'-l = 2£ + t-l. 

Example 4.9 (1) We recall that in general d = c — e does not imply t = £. For instance, let 
S = {0, lfW, 16 c _ e , 17, 18, 19, 20, 21, 22, 23, 24 d , 26 c -►}. Then r = 5 ^ £. 

(2) Analogously ff = {c' — 1} does not imply r = •£+ 1: 

5 = {0, 10 e , 16 c _ e , 17, 18, 19, 20«j/, 22 c , =d , 26 c ^} has £ = 3, r = 5. 

(3) In (|4.81 4) the conditions e = 2£ + t and s < d' are not equivalent, further when s" = d' both the 
cases with r = i + 1, s = d! are possible. For instance 

{0,9 e = c _ e ,10,ll d /,13 c /,14 d ,18 c ->} has t = £ = 3, e = 2^ + t, 1= d', r = £ + l; 
{0,86,9^,11^,12^160-)-} has i = ^ = 3, e = 2£ + <-l, s = d', t = ^+1. 

(4) There exist semigroups with H = {d — l}, s < d! , t = I + 1 as in (|4.814): 

5 = {0 * ... * ll e * * * 15<i- e * * * 19, 20, 21, 22, 23d' * 25 c < 26 rf * * * 30 c -►}, 
has £ = 3, i = 5, e = 2^ + i, r = 4. 

Now we deduce bounds for s m when r < 7. 

Proposition 4.10 For eac/i t < 7 we have s m > c + d — e. More precisely when 7s < d + d 1 — d we 
have the following results. 



(1) r < 3. We have: s r 
5.9] B3 4.13] 



2d - 4 if 5 non-acute, r = t = 3 (£ = 2) 
s + d in the other cases 
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r = 4. We have £ < 4 and the following subcases. 



If I = 4(= r), then H = (gUl), therefore S is acute with s m = s + d (|2T3l 4V 
If £ < 3 we are done by the previous (j4~51) . ([477)1. (J2314) and (|4TT|) (recall £ = 1 
More precisely we get: 

= 2 and either (t = 3, d - 6 ^ 5) or (t > 5, d-3<£S) 
= t = 3, e = 9, c' = d, d' = c' - 2, d-4eS 



5 is acute). 



2d -4 i/ 



2d -6 if 



£ = 2, t = 3,d-6e 5 

£ = 3, i = 5, e = 11, c' = d - 1, d! = d - 2 



s + d in t/ie other cases. 
t = 5. As above we know s m in every case: 



(a) If K3we can deduce s m by (|4~5l) . ([4~7l) . 

(6) If 4 < £ < 5, then we are done by (|4~T|) . since #iJ < 1. 

r = 6. We can calculate s m as follows: 

(a) If £ < 3 as in (3.a). 

(6) If 5 < £ < 6, then we are done by (|4~Tj) , since #iJ < 1. 

(c) If £ = 4 and H C {c' - 2, c' - 1}, we have the value of s m by (jUTJ) and (|4TTl 2V 

(d) If I = 4 and if = {d' — fc, c' — 1}, with fc > 1, then d! = d — 2, and the bounds for s m are 
given in (|3"Hj) if k > £, and in §M§ if £ > k > 1 (in fact c' - d' = 2 < fc + 1). 

t = 7. We have £ < 7 and the following subcases, 
(a) If £ < 3, then s m is known as in (3. a). 



If 



(b) If 6 < £ < 7 then #7? < 1 and we are done by (|4TT|) . 

(c) If £ = 5, then #ii < 2 and we are done by (|4~T|) . ([474")) . 

(d) If £ = 4, then #H < 3 and we are done if #if < 2 by (|4TT|) 
4, ^fi = 3, consider the following subcases 

(i) H =[d' + 1, c' - 1] n IN: then s m is given in ([471) . 

(m) H = {d' - k, c! - 2, d - 1}, k > 2. If fc < £, then s m is given in (|37J3). If fc > £, apply 
(I3~TT1) . 

(iii) H = {d' — 1, d — 2, c' — 1}: this case cannot exist. In fact since 

S = {e,....,d' — 2, *, d', *, *, d, d, c —}} and by the assumption s < d', we obtain 
d — I e S and d — I = d — 4 = d' - 1 ^ 5, impossible, 
(w) il = {d' — j, d' - fc, c' - 1}, J > fc > 1, hence 

5 = {e, d' - 2, d', *, d, d(< c' + 2), d + 5 -5-}, with 2 = e / -d'<fe + l. As 
in the proof of ((4T3J2) for s := d! - k + d - 1 we have -f(s) = -1, s + 1 - d g S, 
s-de S s-dj-d'-j. Hence (Table [37J] (&)) s m > s \i s~d^ d' - j, i.e., 
d' -k + d -1-d^d' -j, i.e., d-d^j-k-1. 

j — fc + 1 ==>■ s m > s i/ d d 
j = fc + 2 s m > s i/ d 7^ c' + 1 

j = fc + 3 s r „ > s i/ d ^ c' + 2 

j > fc + 4 ==>• s TO > s 

(since d - c' < £ - 2 = 2, j - fc - 1 > 3). 
In the remaining three situations we can see that [d 1 -f,rf']nlC S, therefore s m is 
given by (|3.11|> : 

- If j = k + 1 and d = d, since s < d', £ = 4 we get {d' - 4, d - 4 = d! - 2, d'} C S. 
Since there are two consecutive holes, then fc > 5. It follows [d' — £, d'] n IN C S*. 



Four subcases: 



IS 



- If j = k + 2, and d = c' + 1, we have c' - 4 = d' - 2, d' - 1 = d - 4 and s < d' - 1 
(|Pl l) . Therefore 5 = {e, d' - 5, d' - 4, d' - 3, *, d! - 2, d' - 1, d', *, d! + 2 = 
c', d' + 3 = d, d + 5 ->}. We deduce [d' -f,rf']nIC S*. 

- If j = k + 3, and d = c' + 2, analogously we deduce [d! — t, df] H IN C 5. o 

4.5 The value of s m for semigroups of multipicity e < 8. 
Corollary 4.11 For each semigroup S of multiplicity e < 8 we have s m > c + d — e. 

Proof. Since r < e — 1 the result follows by (I4.10j) . o 

4.6 Almost arithmetic sequences and Suzuki curves. 

Recall that a semigroup S is generated by an almost arithmetic sequence (shortly AAS) if 

S =< mo, mi, m p+ i , n > 
with mo > 2, m, = too + p i, V i = l,...,p + 1, and GCD(p,mQ,n) = 1. (The embedding 
dimension of S 1 is embdim S = p + 2). 

Proposition 4.12 Le£ 5 1 6e an ^4^45 semigroup of embedding dimension fi; then t < 2(p — 2). 
Proof. It is a consequence of [H 3.3 - 4.6 - 4.7 - 5.6 - 5.7 - 5.8 - 5.9] after suitable calculations. 
Corollary 4.13 If S is an AAS semigroup with embdim S < 5 then s m > c + d — e. 
Proof. It is an immediate consequence of (|4.10[) and (|4.12l) . o 

As another corollary we obtain the value of s m for the Weierstrass semigroup of a Suzuki curve, that 
is a plane curve C defined by the equation 

y b -y = x a {x b - x), with a = 2", b = 2 2n+ \ n > 0. 

Some applications of these curves to AG codes can be found for example in [3] . 

Proposition 4.14 If S is the Weierstrass semigroup of a Suzuki Curve, then S is symmetric, there- 
fore s m = s + d. 

Proof. In [H Lemma 3.1] is proved that the Weierstrass semigroup 5* at a rational place of the function 
field of C is generated as follows: 

S =<b, b + a, &+-, 1 + &+ - > 
a a 

We have b = 2a 2 , with a = 2™, hence S =< 2a 2 , 2a 2 + a, 2a 2 + 2a, 2a 2 + 2a + 1 > Then consider 
the semigroup 

S =< 2a 2 , 2a 2 + a, 2a 2 + 2a, 2a 2 + 2a + 1 >, a £ IN. 
If a = 1, then S =< 2,3 >. 

If a > 1, then S is generated by an almost arithmetic sequence, and embdim(S) — 4; in fact 

S =< too, toi, mi, n >, with too = 2a 2 , toi = mo + a, mi = mi + a, n = m-i + 1. 

Since S is AAS, we shall compute the Apery set A by means of the algorithm described in |S]: 
let p — embdim(S) — 2 = 2 and for each t € IN, 

let q t , r t be the (uniqe) integers such that t = pq t + r t (= 2q t + r t ), qt € Z, r t 6 {1, 2}, 

(ft + l)m 2 if r t = 2 



let g t = q t m 2 + m Tt , i.e., g t = 



(in particular q Q = 0). 
g t m 2 + mi if r t = 1 
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Then by [8] the Apery set A of S is: { g t + hn | < t < 2<z - 1, 0<h<a-l}: therefore the 
elements of the Apery set are the 2a 2 entries of the following matrix 







n 
2n 



9i 

m i 
9i + n 
9i + 2n 



92 

II 

m 2 
92 + n 
92 + 2ri 



.93 



mi + m 2 



(a — l)ri gi + (a — l)n g 2 + (a — l)rt 



Recall that a semigroup S of multiplicity e and Apery set „4 is 



92a-l 



(a — l)m 2 + m\ 



92a-l + (a - 1)?^ 



symmetric <^=> for each s» € .4, < Sj ^ s 
In our case c this condition is satisfied: in fact Si 
further s e = (a — l)(rn2 + Tl 



max A, there exists s 7 - S A such that Si + Sj 



am 2 + h n, h < a — 1, a > 1 (1) or 

a ?ri2 + mi + h n < a, h < a — 1 (2) 

mi, and so 

(a — 1 — a)m 2 + To! + (a — 1 — h) n G A (1) or 
(a - 1 - a) m 2 + (a - 1 - h) n <E A (2) 
Since a semigroup 5 is symmetric if and only if its CM- type is one, then s m = s + d by (|4.10l l). o 
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